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1 OQutline

@ Introduction
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1 Reaction-Diffusion Systems with Moving Boundaries

» Stefan problems

» Diffusion-controlled interface

» Diffusion and reaction lead to the change of domain geometry
» Degradation is an example of such a system
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1

Biodegradation Process

» Dissolution of the bulk material

» Formation of a protective film

» Effect of ions in the medium

Medium

Metal bulk

Protective layer

Moving boundary
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1 A Sample Application

» Hip joint replacement implants
» Tuning the degradation parameters to the rate of bone growth
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2  Outline

® Mathematical Model




2  Chemistry of Biodegradation

Some of the chemical reactions:

Mg — Mg2+ + 2e”

2H20 + 2e” — Hg + 20H™

Mgt 4 20H™ £ Mg(OH),

Mg(OH), + 2C1~ £2 Mg?* + 2C1~ + 20H™
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2 Reaction-Diffusion Equations

CMg = CMg(fL"a t)? CFilm = CFilm(x7 t) reNC Rg

80 C ilm
TMg =V e (Dfy, @ VOug) — k1Chrg (1 - ﬁ) + ka2 Crit [C1)*
5111 = k’chg <1 — ﬁ) - kQCFilm[Cl]Q

e CFilm CFilm €
Ditg = Dig ((1 B [Fﬂm]m) [Film]max T>




2 Level Set Method

Implicit signed distance function ¢ = ¢(z,t) 2 € Q CR?

¢
Yy Veve + vV - bk |V
External velocity field Normal direction motion Curvature - dependent term
Metal bulk Medium
vV
«—
¢(x) >0 p(x) <0
¢(x) =0




2  Coupling Mass Transfer and Level Set

a¢ ' Medium
En +v|Ve| =0

Rankine-Hugoniot:

{J(z,t) — (cso1 — Csat) V(z,t)} =0

le\z/lganMg — ([Mglsol — [Mglsat) v =10

dp D ﬁ/[ganMg
= V| =0
ot [Mg]sol - [Mg]sat| ¢|
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3 Outline

© Computational Model and Parallelization
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3 Weak Formulation

Rewriting the diffusion-reaction PDE:
ou _
ot

Defining trial and test function space:

V e (D e Vu) — kjau + kapg®

S = {u(x, t)x € Q,t > 0,u(x,t) € H'(Q), and ? =0on F}

n

Y = {v(x)|x € Q,v(x) € H(Q), and v(x) = 0 on F}
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3 Weak Formulation cont.

%v =V e (D e Vu)v — kibuv + kypg®v Vv €V

Integrate over the whole domain:

/Q@vdw—/ Ve (DeVu) vdw—/ klbuvdw—l—/ kapq*vdw

Integration by part, Green's divergence theory, Backward Euler scheme:

/Qu;tu vdw —/Dvo 8ud,y /D Vrovdw—/ klbuvdw+/ kapq*vdw
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3 Weak Formulation cont.

_ n 2
/qudw - /QAtDoV e uVudw + /QAtklbuvdw = /Qu vdw —I—/QAtk:gpq vdw

By defining a linear functional (f,v) = [ fvdw
(u, v)[1 + Atk1b] + At(DVu, Vo) = (u",v) + At (f", v)

multiplying to a new coefficient o = —1+A1tk1b

(u,v) + aAt(DVu, Vo) = a (u",v) + aAt (f",v)
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3 Discretization Scheme

Vi =span ({ti},er.) Zo={0,...,N}

Using 1st order Lagrange polynomials as basis functions

N N
u=Y_ cihj(®), u' =) cjv(x)
j=0 J=0
N N
Z 1%% C] +OCAtZ v¢l7Dv¢j 1%% C +At (fn7’¢z)
Jj=0 j=0 Jj=0
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3 Discretization Scheme cont.

A linear system of equations
> Aije; = b
J

N
=Y (Wi ¥y) cf + alt (f", ;)
7=0
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3 Discretization Scheme cont.

Final form as implemented in FreeFEM

(M 4+ aAtK)c = aMc + aAtf

M ={M;}, M= (i), i,j€L

K ={K,;}, Ki;=(V¢;,DVv;), 1,5€L
f={fy, fi={(x,tn), i), 1€T;
c={¢}, i€7Z

c={c'}, ieZ
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3 Level Set Implementation

» Penalization for interface BCs
» Computing V,,Cyg correctly
» Problem of oscillation

» Too flat or too steep gradients

» Nightmare of re-distancing % Y _

(P. Bajger et al. 2017)
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3 Computational Mesh

» Eulerian mesh

» Generated using Netgen in
SALOME platform

» Adaptively refined on the
moving interface




3 Parallelization

» Message Passing Interface

» Distributed numerical integration
(assigning a number in the range of [0, MPI Size-1] to each element)

» MUMPS multifrontal direct solver
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4 OQutline

O Simulation Results
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4 Release of lons and Degradation - Simple Screw
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4  Film Formation - Simple Screw

Formation of the protective film on the interface of material-medium




4 Release of lons and Degradation - Porous Structure

Trimmed view of the computational mesh Formation of the protective film
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4 Quantitative Results

Measuring mass loss:
» Direct weight reduction
» Side products evolution

Using level set output for calculating mass loss

M :/ M .dV—/ Mg .dVi
lost Q4 (1) 8solid Q4 (0) Zsolidd V0

Q1) = {x: o(x,1) = 0}

13 mm

20 mm

20 mm

Simulation and experimental setup
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4 Mass Loss and Evolving Side Products

it
o

e Experimental data
»  Computational data
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5 Outline

@ Performance Analysis
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5 Problem Size

» Same setup as the model for calibration and validation
» DOF: 144k
» Elements: 831k (P1)




5 Domain Decomposition
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5 Weak-Scaling Test Results
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5 Weak-Scaling Test Analysis
Based on Gustafson's law:

Speedup = f + (1 — f) x N

Serial proportion = 86%, Parallelizable proportion = 14%
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5 Strong-Scaling Test Results
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5 Strong-Scaling Test Analysis

Based on Amdahl’s law:

1
Speedup = ———
f+5

N

Serial proportion = 52%, Parallelizable proportion = 48%
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5 Conclusion

» A quantitative mathematical model and its corresponding computational
model to assess the degradation behavior of biodegradable materials

» Using level set method to track the moving corrosion front during
degradation

» Once fully validated, the model will be an important tool to find the right
design and properties of the metallic biomaterials and implants
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